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Summary. Let X be an analytic complex space which is g-complete. Then 
it follows from a theorem of Andreotti-Grauert [1] that H^{X,J-') = for 
every coherent analytic sheaf J-" on X if p > q. Until now it is not known if 
these two conditions are equivalent. The aim of this article is to give a coun- 
terexample to the converse of this statement. We show that there exist for 
each n > 3 open sets C (D" such that JF) = for every G coh{fl) 

but Q is not {n — l)-complete. 
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1 Introduction 

In 1962, Andreotti and Grauert [1] showed finiteness and vanishing the- 
orems for cohomology groups of analytic spaces under geometric conditions 
of g-convexity. Since then the question whether the reciprocal statements 
of these theorems are true have been subject to extensive studies, where 
for q > 1 more specific assumptions have been added. For example, it is 
known from the theory of Andreotti-Grauert [1] that a g-complete complex 
space is always cohomologically g-complete, but it is not known if these two 
conditions are equivalent except when X is a Stein manifold, f2 C X is co- 
homologically g-complete with respect to On and Q has a smooth boundary 
[5]. 
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The aim of the present article is to give a counterexample to the conjec- 
ture posed by Andreotti and Grauert [1] to show that a cohomologically 
g-complete space is not necessarily g-complete. 

More precisely we will show 

theorem 1 -For each integer n > 3, there is a domain Q C (Z7* which is 
cohomologically {n — l)-complete but ft is not (n — l)-complete. 

2 Preliminaries 

Let be a real valued function in C°°(0), where n is an open set in (D" 
with complex coordinates zi, - ■ ■ , Zn- Then we say that (f) is g-convex if its 
complex Hessian (fj^f^)i<i,j<n has at most q — I negative or zero eingenval- 
ues for every z G fl. 

A function p e C°(f2,ffi,) is said to be g-convex with corners, if every point 
of Q, admits a neighborhood U on which there exist finitely many g-convex 
functions 0i, ■ ■ ■ , 0/ such that p\u = Maa;(0i, ■ ■ ■ ,(f)i). 

The open set Q is called g-complete if there exists a smooth g-convex ex- 
haustion function on Q. 

We say that Q is cohomologically g-complete, if for every coherent analytic 
sheaf on the cohomology group H^{^, J^) = for all p> q. 

Finally, an open subset D of Q is called g-Runge, if for each compact set 
K <Z fl, there is a g-convex exhaustion function e C°°{fl) such that 

K G{zen: (f){z) < c} CC D 

It is known from [1] that if D is g-Runge in O, then for every coherent 
analytic sheaf T G coh{Vt), the restriction map H^iVL^T) — > Hp{D,J^) 
has dense image for all p > g — 1, or equivalently, for every open covering 
U — {Ui)i^i of Q with a fundamental system of Stein neighborhoods of Q, 
the restriction map between spaces of cocycles 

ZP{pi,T)^Z^{lA\D,r) 

has dense range for p > g — 1. 
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3 Proof of theorem 1 



We consider for n > 3 the functions 0i, (z!)2 :<C" — >E defined by 

M^) = + + N\\z\\^ - |ikir, 

n 

where (Ji{z) — Im{zi) + — 1-221^, z — {zi, Z2, - • ■ , Zn), and iV > a 

positive constant. Then, if is large enough, the functions 0i and 02 are 
{n — l)-convex on(D" and, if p = Max{(pi, ^2), then, for > small enough, 
the set D^^ = {z E (D" : p{z) < —Bo} is relatively compact in the unit ball 
B = B{0, 1), if A'^ is sufficiently large. This is a special case of an example 
given and utifized by Diederich and Fornaess in a different context. (See [4]). 

Proposition 1 

In the situation described above for every coherent analytic sheaf J- on D^^, 
the cohomology groups Hp^D^^, T) vanish for all p > n — 1. 

Proof. 

We consider the set A of all real numbers £ > £0 such that H"'~^(D^,J-') = 0, 
where = {z : p{z) < —s}. To prove proposition 1, it will be suffi- 

cient to show that 

(a) A 7^ and, if e e A and e' > e, then e' e A. 

(b) if Ej \ e and Sj e A for all j, then e e A. 

(c) ii e e A, e > £0, there exists < e' < e such that e' e A. 
We first prove (a). Choose Si > So such that 

-ei < Inf^^9D,^{(l)i(z),i^ 1,2}, 

and set Di = {z E : (pi{z) < —e} for e > Ei Then, if is not empty, 
the sets dC. D^^ are clearly (n — l)-complete, since is a (n — 1)- 
convex exhaustion function on Di. Therefore, using the exact sequence of 
cohomology associated to the Mayer- Vietoris sequence 
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one obtains H"'~^{Ds, J-') = and, obviously [si, +00 [c A. 

Let now e E A and e' > e. Then D^i CC -D^ is n-Runge in B. Indeed, 
\i K C D^i is a compact set, there exists a (n — l)-convex exhaustion function 
i)i e C°°{B), such that K C {ipi < 0} CC Di = {z E B : (pi{z) < -e'}, 
i = 1,2 because Di is obviously (n — 1)-Runge in B, the function 0j being 
(n — l)-convex and B is Stein. Then a suitable smooth n-convcx approxi- 
mation of Max{ipi, 1P2) ([4]) shows that D^i is n-Runge in B. It follows from 
[3] that D^\D^i has no compact connected components and, therefore the 
restriction map 

has dense image. This proves that H"'~^{D^i , J-') = and e' G A. 

The proof of statement (c) will result from two lemmas. First note that 
if £ > So, then dimj-^H^^~^{D^, J^) < 00. In fact, choose finitely many Stein 

k 

open sets Ui CC D^^, i — 1, • • • , fc, such that dD^ C |J Ui. 

1=1 

k 

Let 9j e C~(L'j,ffi,+) such that ^9j{x) > at any point x e dD^. Let also 

3 

Cj > be sufficiently small constants such that the functions 0j — ^ CiOi are 

1=1 

{n — l)-convex for i = 1,2 and 1 < j < A;. We now define the continuous 
functions pj : ^ E by 

3 

i=l 

Then pj are (n — l)-convex with corners and, if Dj = {z E D^^ : Pj{z) < — e}, 
j = 1, ■ ■ ■ , k, and Do = D^, then Do <Z Di d ■ ■ ■ C D^, 

Do CC Dk CC D^^ and Dj \ Dj^i CC Uj for j = 1, ■ ■ ■ , k. Furthermore 
we remark that H''~\Dj n J^) = for < j < A;, 1 < / < k. In 
fact, since Dj fl Ui can be written in the form Dj nUi — Bij fl B2J where 

3 

Bij = {z E Ui : (pi — '^CrOr < —s}, = 1,2, is (n — l)-complete because Ui is 

r=l 

j 

Stein and 4>i — CrOr is (n — l)-convex in Ui, then from the Mayer- Vietoris 

r=l 

sequence 

^ H^-\Br,j,T)m''-\B2,j,T) ^ H''-\D,nUuT) ^ H^{B,jUB2,j,J') ^ 
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it follows that ^{DjnUi, JF) = 0. Now using the Mayer- Vietoris sequence 

^ m-\Dj,J^) m-\Dj^i,J^)em-\Djr]Uj,J^) H''-\Dj^ir]Uj,J^) - 

and noting that H''-\DjnUj,J^) = H''-^{Dj_ir\Uj,T) = for all 1 < j < k, 
we find that H"-^{Dk,J^) H''-^{De,J^) is surjective. This implies that 
dimi^H''-\D„T) < oo. (Cf. Proof of theorem 11 of [1]). 

j 

We now put tfjij = (/>j — X] V'i.o = 0i,^=l,2, l<j</c and define the 

open sets Dji, as follows Di o = {<pi < —s,(p2 < —^}, 

Di,i = {ipi,! < -£,(1)2 < -e}, £'i,2 = {V'l.i < -£,'02,1 < -£}■ 

And for 2 < J < /c we set 

Dj,o = {V'lj-i < -£,'4'2,j-i < -s}, Dj^i = {V'lj < -s,ip2,j-i < -£}, 
Dj,2 = < -£,^2,j < -e}- 

Obviously, i^i^o = -Do and 2 = = -Dj for 1 < j < /c. Therefore 

Do = D^,o C i3i,i C Di,2 - L'2,0 C • • • C Dk,o C C Dk,2 = i^Jt 

lemma 1 -The restriction map J^) ^ H"'~'^[Dj, J^) has a dense 

image for all < j < k — 1 

Proof 

We first prove that for all 1 < j < A; and < i < 2 the homology groups 
Hp{Dj^i,(D) vanish for every p > 2n — 2. For this, we define 
Aj^i — {z E B : ijjij < — e}, Aj^2 — {z E B : '4>2,j-i < — £}■ Then Aj^i and 
Aj^2 arc (n— l)-complcte and (n — 1)-Runge in B because B is Stein and V^ij 
and ip2,j-i are {n — l)-convex in B. In particular 

Hp{Aj^i,(D) = Hp{B,Aj^i,(C) = for p > 2n - 1 and i = 1,2. (See [8]). Since 
Dj^i — Aj^inAj^2 and Aj^i[jAj^2 has no compact connected components, then 
the Mayer- Vietoris sequence for homology 

^ Hp+,{Aj,, U A,- 2,(D) ^ Hp{Dj,,,(C) ^ ifp(A,-,i,(D) © ifp(A,-,2,<C) ^ 

shows that Hp{Dj^i,(C) — for every p > 2n — 1. Moreover, since B is Stein, 
it follows from the sequence of homology 

^ Hp+,{B,Aj,i,(C) i/p(A,„(D) ^ i/p(S,(D) ^ 
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that Hp{Aj^i,(£) = for j9 > 2n - 2. 

Now, since B \ (Aj^i U Aj^2) has no compact connected components, the Aj^i 
being (n — 1)-Runge in B, it follows from [3] that the natural map 

^2n-l(AM U A,, 2,(D) //2n-l(5,(D) 

is injective, which shows H2n-i{Aj^i U Aj,2,^) = 0. Also by the sequence of 
homology given by the Mayer- Victoris sequence 

^ i/2n-l(^,-,lUA,-2,€) ^ H2n-2{Dj,i,(D) ^ i/2n-2(A,- i,<D)©i/2n-2(A,- 2,€) ^ 

we deduce that H2n-2{Dj,i,(C) — 0. Similarly Hp{Dj^i,(D) — for every 
p > 2n — 2 and all 1 < j < /c and i = 0, 1, 2. It is of course also clear now 
that Hp{Dj,i n [//,(D) = for p > 2n - 2, 1 < j, / < and i = 0, 1, 2. 

Let us now choose e' > Eq such that Dk CC D^i. Then \ Dj^i has no 
compact connected components for every 1 < j <k and < i < 2, since Dj^i 
is obviously n-Runge in B. it follows from [3] that the restriction map 
H"'~^[D^/,J^) — > H"'~^{Dj i, J-") has a dense image, and therefore 
dimi^m-\Dj^i, J^) < cx) for 1 < j < A;, and ? = 0, 1, 2. 

It is clear that it is sufficient for the proof of lemma 1 to show that the 
restriction map 

has a dense image. We have Dj n Uj+i = Bij n B2J and 

n Uj+i = -Bij+i n B2J where = {2; e Uj+i : ijjij < -e}, i = 1,2, 
and = {-2 G ^j+i : Vij+il-^) < Note also that Bij are (n — 1)- 

complete and {n — 1)-Runge in the Stein set f/j+i. Then Hp{Bij,(C) = for 
p > 2n — 2, i = 1,2, < j < k — 1. Therefore using the exact sequences of 
homology 

— ^ H2n-liBij ,(C)(BH2n-l{B2J H2n-l{Bl^jUBj^2,^) — ^ -f^2n-2 (-Dj flf/j+i ,(D) 

— *■ -f^2n-l(-Slj+l,<C)©i/2n-l(-S2J,<C) ^ if2n-l (-Slj+lU-Bj_25^) ^ -f^2n-2(-Dj+inL'j+i,<D) 

we find that i72n-i(5i,, U S,,2,(D) = H2n-i{B^,j+i U 5,-2,<D) = 0. By [3] it 
follows that the restriction map 

^^""^(^ij+i U S2J, T) — ^ U B2,j, T) 

has dense image. On the other hand, the restriction map 

H--\B^,^^,Q) ^ E-\B^„Q) 
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has also a dense range for every coherent analytic sheaf Q on Uj+i. (See 
Andreotti-Grauert [1]). Now consider the commutative diagram given by 
the Mayer- Vietoris sequence for cohomology 

I Pi®id p2 I P3 I 

^ H^-\B,j, ^) © H^-\B2,j, J=) ^ E^-\Dj n t/,+1, ^) A U 52,,-, ^) ^ 

Since it is surjective, then u is open by lemma 3.2 of [2] and, since p\ ® id 

and /93 have dense image, it follows that p2 has also a dense image. 

Now since SuppOj C Uj, j = 1, ■ ■ ■ , k, then \ -Dj,i CC and 

Dj^i+i = Dj i U (-Dj,i+i n Uj). So the Mayer- Vietoris sequence for cohomology 
gives the exactness of the sequence 

> H--\Dj+i,,,T) ^ m-\Dj,T) © H^-\Dj+^,, n JF) ^ 

n J^) ^ ^ ■ ■ ■ 

Since H^^-^^Dj+i^i D Uj+i,J^) -> H^'-^i^Dj n Uj+i,T) has a dense image and 
di'm^H"'~^{Dj^i^i, J^) < oo, then 

has also a dense image. (This follows by the proof of Proposition 19 of [1]). 
lemma 2 -Suppose that e & A. Then there is Eg < s' < e such that e' & A 
Proof 



Let V = (Vi).^-^ be an open covering of D^^ with a fundamental sys- 
tem of Stein neighborhoods of D^^ such that if V^^ fl • • • Pi V^^ 7^ 0, then 
Vi„[J---[JVi^ C Dj or V^i^ U • • • U Vi^ C Uj+i n 1)^+1. 

We first show that H'^~^{Dk,T) — 0. We shall prove it assuming that it 
has already been proved for j < k. For this, we consider the Mayer- Vietoris 
sequence for cohomology 

Let ^ be a cocycle in Z"'~^{V\Dj+i, ^) PiO be its restriction to a 

cocycle in Z"'~^(y\Dj,^)- Since p(^) is a coboundary by induction and 



7 



^{Dj^i n Uj+i, J-') = 0, from the Mayer- Vietoris sequence, it follows that 
there exist 

r/eZ"-2(V|D,n[/,+i,^) and fi e C^-\V\d,+„J^) 

such that ^ = j{ri)+6^. There exists a sequence {rjn} C Z^^'^{V\Dj+inUj+i,J^) 
with r{r}n) — 77 — > 0, when n — > 00. This is possible because 
Z'^~'^{V\D,+-,nUj+i;^) ^ ^""^(V|D,n(7j+i,^) has a dense range. Now choose 
a sequence {7„} C C"~^(V|-Dj+i, ^) such that j{r{r]n)) — ^7n- Then 

This proves that + (57„ converges to ^ when n —> cxd. Since 
dim^H^''~^{Dj^i, J^) < 00, then the coboundary space i?"~^(V|D^_^^,^) is 
closed in Z''-\V\d,+„ J^)- Therefore ^ e S"-H">^lz?,+n and 
H''-^{Dj,T) = for all < j < k. On the other hand, there exists e' > 
such that e — e' > Eo and -De-e' = {2 G D^^ : p(2;) <£' — £} CC Dk- Since 
Dfc \ De_e' has no compact connected components, then 
H^-'^i^Dk, J-') — > H"'~^{Ds-s',^) has a dense image, which means that 
H''-\De'-e',:F) = 0. This proves that £ - e' e A. 

In order to prove statement (b), it is sufficient to show that if Sj \ e 
and Ej e A for all j, then 

has dense image. (Cf. [1, p. 250]). To complete the proof of Proposition 1, it 
is therefore enough to prove the following lemma. 

lemma 3 -The restriction map H^~'^{Ds„tJ-) —>■ H^~^{D^^T) has dense im- 
age for every real number e> So 

Proof 

We consider the set T of all e>eo such that m-^{D„ T) m-^{D,^,J^) 
has dense image for every real number £1 > e. 
To see that T 7^ 0, we choose e > Eo such that 
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— £ < Min-^\^jj^ {(f)i{z),i = 1,2}, and let ei > e. If D^^^ is not empty, 
Di = {z E B : 4>i{z) < — £1} and D'^ = {z G B : (j)i{z) < —e} are relatively 
compact in D^^, {n — l)-complete and {n — 1)-Runge in B. Moreover, is 
{n — 1)-Runge in D[. In fact, let X C be a compact set and £2 > £1 such 
that <f)i < —£2 on K. Then is a (n — l)-convex exhaustion function on 
D[ such that 

K^{zeD[: < ^{zeD[: ^i{z) < -£2} CC A 

0j + £ £2 - £ 

Therefore JF) H'^^'^{Di, J^) has dense image for i = 1,2. 

The same argument used in the proof of lemma 1 shows that 
H2n-i{D, U D2,(D) = H2n-i{D[ U ^2,(0) = H2n-i{D[ U D^,(D) = and there- 
fore m-\D[ U D2,J^) m-\Di U L>2,:^), and 

jjn-i^jji^ U D2, ^) — H'^~^{D[ Li D2,J-') have dense image. Consequently we 
can show exactly as in lemma 1 page 5 that if D^ i = D[r\D2, then we have the 
density of the image of the restriction maps H^~'^{Ds^i,J-') — >■ H"'~^{D^^,J-'), 
and m-\D„J^) H''-'^{D^^i,T). This proves that e eT and, clearly 

[£,+oo[cr. 

Let now Sj & T, j > 0, such that Sj \ e, and let U = {Ui)i^j be a Stein 
open covering of with a countable base of open subsets of D^^. Then the 
restriction map between spaces of cocycles 

Z''-'^{U\d,^^^,J^) Z''-'^{U\d,^,T) has dense image for j > 0. Let £' > £ 
and J such that e' > Sj. By [1, p.246], the restriction map 
^""^(W|De,^) Z""^(W|d,.,^) has dense image. Since £j e T, then 
Z''-'^{U\d n^) has also dense image, and hence e E T. 
To prove that T is open in [so, +oo[ it is sufficient to show that if £ G T, 
£ > So, then there is £o < £' < £ such that e' G T. But this can be done 
in the same way as in the proof of lemma 1. We consider a finite covering 
{Ui)\<i<k of dD^ by Stein open sets Ui <ZC D^^ and compactly supported 

k 

functions Oi G C^{Ui), 9j > 0, j = 1, - ■ ■ ,k such that ^Oi{x) > at any 

i=l 

point of dD^. Define Dj = G D^^ : Pj{z) < —e} where 
j j 

Pj{z) — Maa;(0i — ^ Ci9i, 02 — ^»^«) '^i^h Cj > sufficiently small so that 
1 1 

j 

i^i,3 = 01 ~ X/ "^'^^ ('^ ~ l)-convex for i = 1, 2 and 1 < j <k. 
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By lemma 1, the restriction map 



has dense image and, there exists So < s' < e such that 

CC D^i <Z<Z Dk- For an arbitrary real number a > we define 
Dj{a) — Dj n Da, where Da — {p < —a} and j — 0,1, - ■ ■ ,k. We claim that 
for any a > e' the restriction map 



has dense image for all < j < A;. 

Note that this is clearly satisfied for j = 0, since Do{£') = D^ and e E T. 
For j > 1, we first check that Hp{Dj{a),(C) = for p > 2n — 2. Since 
clearly (D'^\ (DaUDj) has no compact connected components, it follows from 
[3] that H2n-i{Da U Dj,(£) — > H2n-i^"',^) is injective, which means that 
H2n-i{Da U Dj,(£) = 0. Since we have shown in lemma 1 that 
Hp{Da,(C) = Hp{Dj,(D) = 0iorp>2n-2, it follows from the Mayer- Vietoris 



^ Hp+i{Da U Dj,(£) ^ Hp{Dj{a),(£) ^ Hp{Da,(£) Hp{Dj,(£) ^ 
that Hp{Dj{a),(E) = for p > 2n — 2. In particular 

H2n-2{Djie'),(C) = H2n-2{Dj{a),(C) = 0. Also it follows clearly that if 
Dj{a, e') = {01 < — e', 4>2 < —a, pj < —e} — Dj fl D{e', a), where 
D{e', a) = {01 < — e', 02 < —ct}, then 

Hp{D'-{a, e'),(£) = Hp{D{a, e'),(£) = for every p > 2n - 2 and 
H2n-i{Dj U D„,(D) = H2n-i{Dj U a),(D) = for all a > e' . 

We now just have to repeat again the same argument used in proof of 
lemma 1 to show that H''-'^{Dj{e'),T) H''-'^{D]{a,e'),T) and 
H''~^{D'-{a,e'),r) H'''-\Dj{a),J^) have dense image. If we take j = k, 
then we find that the restriction map 



has dense image for every a > e', which shows that e T and T = [So,+oo[. 



H--\D,{e'),T)^H-\D,{alT) 



sequence 



m-\Da,J') 
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End of the proof of theorem 1 

Let < £ < £o be such that ^ {z ed^"" : p{z) < 0} CC B. Then in view 
of the proof of Proposition 1 it follows that is cohomologically (n — 1)- 
complete. We shall prove that is not (n — l)-complete. In fact, it was 
shown by Diederich-Fornaess [4] that if 5 > is small enough, then the topo- 

n 

logical sphere 5'^ = eC" : xj + \z2\'^^ \-\zn\'^ ^S,yi^ - X] 1^*^ + 1'22|^} 

i=3 

is not homologous to in D^. This follows from the fact that the set 

E = {z : Xi = Z2 = ■ ■ ■ = Zn = 0} docs not intersect D^. 

We can prove exactly as in lemma 1 that H2n-2{D^,]Su) = 0. Indeed, We 
have Ds = Did D2, where Di = {z e (D" : ^^(2;) < e}, i = 1, 2. Since A is 
(n — 1)-Runge in (D", then the natural 

injective, which implies that H2n-2{Di,'R) = for i = 1,2. We now consider 
the Mayer- Vietoris sequence for homology 

> H2n-l{D,UD2,R) ^ H2n^2{De,R) //2n-2 (/^l ©if2n-2 (1^2 = 

Since (D"\Di U D2 has no compact irreducible components, then 
H2n-i{Di U -02,^,) H2n-i(fC"^ is injectivc. This proves that 
H2n-i{Di U D2,'K) = and, therefore i^2n-2(A,ffi.) = 0. 

Suppose now that is (ra — l)-complete. Then there exists a (n — l)-convex 
exhaustion function '0 e C°°{Ds) such that 

K = D,^^b, = {z^D,: ^{z) < 0} 

Since 5*5 C £>£ and n E = then the sphere Ss is not homologous 
to in Dg. Since, in addition, the levi form of -0 has at least 2 strictly 
positive eingenvalues, then H2n-2{Ds,^) 7^ 0. But as is (n — 1)-Runge 
in De, the natural map i/2n-2(-D£,ffi,) — > i/2n-2(-D£,ffi,) is injective. Therefore 
H2n-2{Ds,Wi.) — 0, which is a contradiction. This proves that is not 
{n — l)-complete. 
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